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Abstract. We revisit the BT — X (3872) + KT in the pQCD approach assigning to X (3872) a 23P; char-
monium state. In this theoretical framework all the phenomenological parameters in the wavefunctions and
Sudakov factor are a priori fixed by fitting other experimental data; therefore, there hardly are any free
parameters in the whole numerical computations. Our results are larger than the upper bound set by the

BABAR measurements.

PACS. 13.20.He; 12.38.Bx; 13.60.Le

1 Introduction

In 2003, BELLE announced the observation of X (3872)
in the B* — K*nt71~J/¢ decay channel. Its mass and
width are respectively m = 3872.0£0.6 £0.5 MeV and
I' < 2.3 MeV [1]. Later the CDF, D0 and BABAR Collabo-
rations also confirmed the existence of X (3872) [2—4]. Very
recently, the BELLE Collaboration reported D°D%7° de-
cay for X(3872). However, its mass is 3875.4+
0.7722 MeV [5].

X (3872) has attracted a great deal of interest of both
theorists and experimentalists in high energy physics.
Some authors suppose that X (3872) is conventional char-
monium [6-10]. Meanwhile, some other authors suggest
that X (3872) is a molecular state of DYD*? + D*°D0 [11-
19] or a multiquark state [20]. The quantum number of
X (3872) favors JPC =17* from the angular distribu-
tion analysis by the BELLE Collaboration [21]. Thus, to
X (3872) is only assigned a 23P; state for the explanation
of charmonium. However, the mass of X (3872) is lower by
about 70 MeV than that predicted by the potential model
of the past. If we trust the potential model calculation for
the charmonium mass spectrum, X (3872) will not favor a
23P; cc state. However, in fact large uncertainties are in-
volved in the calculation of the potential model near and
above the open charm threshold. Thus we cannot rule out
the charmonium assignment to X (3872). At present one
needs to carry out further studies on the nature of X (3872)
and especially to clarify its structure.

B non-leptonic decay is one of the suitable places for
the production of charmonium. In this work, we assign to
X (3872) the regular 23P; c¢ state which is the radial ex-
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cited state of x.1(1 3P1) and calculate the branching ratio
of Bt — X (3872)K* in the perturbative QCD (pQCD)
approach.

In [22,23], Braaten et al. estimated BR(B" —
X (3872)K+) = (0.07-1) x 10~ assuming X (3872) to be
a s-wave molecular state of D°D*0/D*0DO. In [9], the
authors calculated the B — X (3872)K ratio consider-
ing X (3872) as a 23P; c¢ state in QCD factorization,
where the 23P; c¢ state is described by a nonrelativis-
tic wavefunction. They obtained BR(B® — X (3872)K?) =
BR(B* — X(3872)K*) ~ 2 x 10~*. However, in a QCD
improved factorization approach, the infrared divergence
appearing in hard spectator correction diagrams can only
1dy _ (1+
01—y
ome'¥H)In ’X: [24,25], which will result in a large uncer-
tainty for the final result. Based on the above consideration
and the only upper limit of B¥ — X (3872)K™ as given
by BABAR [26, 27], so assuming the 2 ®P; charmonium as-
signment for X (3872), we revisit the BT — X (3872)K*
decay in the pQCD approach, which is believed to be suc-
cessful for estimating the transition rates of B and D into
light mesons [28—32] even though its applicability is under
dispute [33].

Our numerical results indicate that the order of mag-
nitude of B* — X (3872) K+ is 7.887337 x 107, which is
larger than that calculated in [9]. This difference probably
for the most comes from the different models we adopt. The
BABAR experiment only gave BR(BT — X (3872)K ) <
3.2x107* [26,27]. On the assumption of X(3872) be-
ing a pure cc state, we obtain the theoretical result that
BR(B' — X (3872) + K) is larger than the upper bound
given by BABAR within the error bar. Assuming that both
our calculations in the pQCD approach and the experi-
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mental measurements of B* — X (3872) + KT are reliable,
X (3872) cannot be simply categorized as a pure c¢ state,
which is also entailed in [9]. However, due to the absence
of a precise measurement of BR(BT — X (3872) + K1),
which is only set by BABAR, we still wait for future ex-
periments to confirm this point definitely. A more decisive
conclusion should be made as more accurate data are ac-
cumulated by future experiments such as BELLE, BABAR
and LHCb.

This paper is organized as follows. After this intro-
duction, we formulate the decay amplitude of BT —
X (3872)K* in the pQCD approach, where X (3872) is as-
signed a 23P; cC state. Then we present our numerical
results along with all the input parameters in Sect. 3. The
last section is devoted to our conclusion and discussion.
Some tedious expressions are collected in the appendix.

2 Formulation

In this work, we suppose that X (3872) is a 23P; charmo-
nium state. The effective Hamiltonian relevant to BT —
X (3872) K+ decay in the SM is written as [34]

G
Hog= © |:‘/::b‘/(;(cl(/l)ol +C2(1)O2)

V2

10
—thV[EZCi(M)Oi} ; (1)
i=3

where C;(u) are the Wilson coefficients and O; are the rel-
evant operators defined as

O1 = (5acs)v—a(Csba)v-a,
O3 = (8aca)v-a(Csbg)v_a,

O35y = (8aba)v -2 Z(QB(IB)VfA(VJrA) ;
q

Ou6) = (5abp)v-a Z(Qﬁqa)V—A(VJrA) ;
q

3. _ _
Oq9) = 9 (Saba)v—a Z eq(qpa8)v+a(v—-a)
q

3
Og(10) = 9 (Sabg)v—a Z eq(qpa)viav-a),
q

with «, 8 being the color indices. The explicit expressions
of the Wilson coefficients appearing in the above equations
can be found in [34]. In the following, we will neglect V,,, V.,
and take Vo, Vi = — V4, V% for simplicity.

We define, in the rest frame of the B™ meson, pi1, p2
and p3 to be the four-momenta of B+, X (3872) and K™,
and k1, ko and k3 to be the momenta of the valence quarks
inside BT (u), X(3872)(c) and K*(u) respectively. Then
we parameterize the light cone momenta, with all the light
quarks and mesons being treated as massless,

mp

D1 \/2

mp

D2 \/2

(17 1a OT) = (pT7p1_7OT) )

(1,7"2,0’1‘) = (p;_ap2_7OT) )
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mp

D3 \/2

kQ = (1:2p;a I2p;a kQT) )

(0, 1 —?"Q,OT) y k= (mlpfv O,le) )

ks = (0,23p5 , kar) , (2)

where the mass ratio r is set as r = mx /mp. x; are the frac-
tions of the longitudinal momenta of the valence quarks.
The superscripts + and — mean that the three-momentum
is parallel or anti-parallel to the positive z direction which
is defined as the direction of the three-momentum of the
X (3872) produced. kT, kot and ks are the transverse
momenta of the valence quarks inside BT, X (3872) and
KT, respectively.
The decay width of BT — X (3872) K is written as

G% |p
F | f|2 |M|2, (3)

F:
2 8mmip

where |ps| denotes the three-momentum of the produced
meson in the center-of-mass frame of the B* meson. In the
following, we will calculate the decay amplitude M in the
framework of pQCD.

2.1 Wavefunctions

The BT meson light cone wavefunction is usually written
as [35—37]

/1 d4z
0 (27T)4
i

= TN, {(15+mB)’Ys |:¢B(k) - ﬁ\;QﬁQSB(k)] }60(447)

where n = (1,0,07) and v = (0, 1, Or) denote the unit vec-
tors corresponding to the plus and minus directions respec-
tively. In (4), two different Lorentz structures exist in the
B meson wavefunctions. ¢ (k) and ¢p (k) satisfy the fol-
lowing normalization conditions respectively:

d*k B
k =
In the numerical calculation, one usually ignores the con-

tribution of ¢ (k) [38,39] and only takes the contribution
from

e (0[Ba (0)us(=) B (p))

4
[ im0 =0

o=, (B+mo)ono). (6)

V2

The twist-3 light cone distribution amplitude of the K
meson is expressed as

(K*(p)|5(2)54(0)[0)

. 1
= o | 4 s i)+ miS o @)

+mi [s(0 A= 1)) (2)} 4, (7)
2
where m{ = m::_’in - and z is the momentum fraction car-

ried by the u quark in the K meson. The expressions of
‘;}(P’T) are given below.
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The light cone distribution amplitude of the X (3872)
meson is similar to the x.; meson which has been proposed
in [40],

(X (3872)(p; €1)|Ca(2)cs(0)]0)
:\/21Nc/o due"*{mx[ys fL]pa® ()

+ s £ Plpadx(z)}, (8)
(X (3872)(p, er)[Ca(2)cs(0)[0)

1
_ \/21Nc /0 due™* {mx [y fr]pad’ (@)
+ 5 £ Blpadx (@)} %)

Because the X(3872) produced in the transition B —
X (3872) K can only be longitudinally polarized, the distri-
bution amplitude corresponding to transversely polarized
X (3872) does not contribute, and we neglect its explicit
form in the later text.

2.2 The calculation of the decay amplitude

The quark diagrams which contribute to the transition am-
plitude of Bt — X (3872) + K+ are displayed in Fig. 1.

At first, we can calculate the hard kernels for each dia-
gram displayed in Fig. 1 one by one. As for the factorizable
diagrams Fig. 1a and b, we have

Hiaga/g/ (p1,p2,p3)

1 1 1
:4imeX5H |:Cl—|- 3CQ+C3+ 364—65— 306
3 1 1
+ 2€c(—c7— 3CS+CQ+ Scloﬂ

’
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Fig. 1. Feynman diagrams corresponding to the calculation of
hard amplitudes in BT — X (3872) K"
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b
Héﬁ)a/ﬁ/ (p1,p2,p3)

1 1 1
:4imexEH |:Cl+3CQ+C3+SC4—C5— 306
3 1 1
+2ec<_c7_308+69+3010>]

x {’yp(l —5) _(13;_ k1) igs’YV} ol

. —i
X (igsy )ﬁ’ﬁ (ky — k3)? : (11)

As far as the non-factorizable diagrams Fig. 1c and d
are concerned, we will divide the operators appearing in
the effective Hamiltonian into two categories according to
their chirality, i.e. (V—A)®(V —A) and (V-A4)®(V+
A), for convenience of computation.

For the type of (V —A)® (V F A), the hard kernels of
Fig. 1c are respectively written as

1 3
Hg;;p)alglpl (p,p/, Q) =4 (CQ +C4 + 2€c010>

i .
X {W“‘%)—(pr o~ Fut ks)—mclgﬂ”} ap

< [ (1= 5)] o [1957"] 5 (k)2

(12)

)2 3
Hg;i’p)oz’ﬂ’p’ (»,p',q) =8 (CG +, ecCs)

1 .
) [(1“5)—(@— Jo Fat Ks)—me 19””}

x[(1 —75)];20/ [19371/] 33’ (k1 :23)2 ) (13)

where the factor —2 in (13) comes from the Fierz trans-
formation on the (V — A) ® (V + A) operators.
Similarly, for Fig. 1d, we have

3
H(idﬁ’;l)xlﬁlpl (p:p', q) =4 <CQ +C4 + 2€cclo> [’)/H(l — /75)]ozp’

(1 —75)]

. [igsvy(kQ_ }él"’_ }é3) _mc’y“ /

pa
. —i
X [1987 ]55/ (kl _ k‘3)2 ,
3
H(idﬁ’jt)x’ﬁ’p’ (p7p/7 q) = -8 (CG —+ 2€ccg> [(1 +’75)]ozp’

. [ig””wz— Fit ) —me L ‘”5)]

pa’

x [i957"] 55 " _1163)2 , (14)

In the above expressions, the indices 1,2 denote the con-
tributions from (V- A)®(V —A) and (V-A4)@ (V+ A)
operators respectively.

Then we can obtain the decay amplitudes M@, M ®)
M 1(02)7 Ml(dg by virtue of contracting the hard kernels with
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. . d 16
hadronic wavefunctions, MQ( ) — _ (28,372 / dxy / dxs / dzs / by dby /debQ
(a) 4meX * 3
M\ = N dz; des | b1dby b3 dbs X dGVCbVCS Ce+ 2€c68 (]53 (Il, bl)
d d
% / A0V, Vi {cl i :1))@2 105+ ;(34 —Cs— ;(36 x {¢% (w2) [dr (1 - xa)KAé,i + ¢ (1— ms)KPQ,I)J
d d
; ) ) — k(1 —za)KTS) ] + ¢ (a2) [0k (1 — ) KAL)
i zec(—“ T gG Gt 3‘31())} ¢5(@1,b1) +oR (1 2a)KPL) — 0% (1 - 22)KTS?] }
x [pp (1 —23)KA® + % (1 — 25)KP®) X as(ta) exp[=S(ta)|2a(e1, 22, 23,b1,b2) , (20)
—_sT(1— (a)
¢k (1—3)KT ] where the explicit expressions of KA(P, ']I‘)(a), KA(P, ']I‘)(b),
X as(ta) exp[—S(ta)] St (23) 2 (21, 23, b1, b3) , (15) KA(P, ']I‘)(C@) L(t)’ , KA(P, T)E?;),L(t)’ 2;(x1, 22,3, b1, b2, b3)
s f and Sudakov factors of S(t;), Si(z) (i = a—d) are collected
M) — FXIX / da, / dxg/bl db, /bgde in the appendix.
Ne Finally, the total amplitude can be written as

. 1 1 1
x/dOVCbVCS {Cl+302 +Cs3+ 3(24—(25— 3(36 M= M(a>+M(b)+M(C)+M2C +M(d _’_M2(d)'

3 1 1
+ ec(—C7— 308+CQ+ 3610>:|¢B($1ab1)

2
x [pp (1 —23)KA®) + o8 (1 — z5) KPP 3 Numerical results
— ¢ (1- $3)KT(b)] The wavefunction of the B meson is given by [38, 39]
X ag(ty) exp[—S(ty)] St (x1) 25 (21, x3,b1,b3), (16
(ty) exp[— S (t)] St (1) 2 (21, 23,01, b3) ,  (16) N ; , M2 1.
¢p(z,b) = fer*(l—z)"exp| — =, —_(bws)|,
M@ - B day [ das [ das [ brdby [ badb 2V2N. w2
1 = (2Nc)3/2 1 2 3 1401 2 402 (21)
% / dOV,, Ve |:CQ +Cy+ 366010] ép(z1,b1) where w, = 0.4 GeV and Np = 2.4 x 103. The decay con-
stant of the B meson is fp =0.19 GeV.
x {¢% (o) [d7 (1 — x3)KA(C) +oP(1- ZEg)K]P(C) The distribution amplitudes of X (3872) can be derived
T © A © following the method given in [40,41]:
— oK (1 _x3)KT1 L] +¢X( )[¢ (1 _x3)KA1,t f
+ 65 (1—3)KP{) — ¢k (1 — 25)KTS)] } P (@) =24.80, I (1)
><Ols( c) eXp[ S( )] (.Z'l,l'g,l'g,,b]_,bg), (17) :E(]_—ZE)(].—2:E)2[1—4.’L'(1—.’L')] 0.7
© 16 1-3.47z(1—2)]3 ’
MQC = — dl’l dIQ dIg/bl dbl/debQ f
(2N.)3/2 / / / f(z) =13.56_ "% (1-2z)?
3 (o) =13.56, T (1-21)
x / dOVep Ve, [Ca + 2€c08] ¢p(21,b1) y {x(l —z)(1—22)%[1—4z(1—2)] }0'7
C C — J. - 3 ’
x {0k (22) [0 (1 — 20 KAL), + 6 (1 -0 K2E) A=)

(22)

— Bk (1~ @) KT ] + 9 (2) [0 (1 - 23)KAS)
g (ZCL] * | © >'  where the X (3872) decay constant fx is set to be 0.335 GeV,
+dx(1— x3)KP2 )t ¢K(1 z3) KT, t] } which is the same as that of x.1.
X as(te) exp[—S(te)]2:(x1, x2, 3, b1, b2) (18) In a recent work [42], the K~ meson wavefunction dis-

tribution amplitudes used in (7) is given as

@_ 8
M = (2NC)3/2/dx1/dxz/dx3/bldb1/52d52 d)‘?}(x): Ik {6I(1—I)(1+a{{03/2(2x—1)

5 2\/2N
X / doVep Ve, {Cz +Ca+ 26cC10] ¢B(z1,b1) a¥C3? (22 -1))}, (23)
x{o (@2) [0 (1 - ) KAL) +0R (1 —aa)KBY) o) = f;N {1+3pi< (1+6a5) —9p"af¢

— SR (1 z3)KT) ] + ¢y () ¢4 (1 — w3)KALY 2 7 v w wf3 o x
@ T @ +C (22 —1)|  pia —p2 | +27a,
+ 05 (1—3)KPy ) — o (1 —23)KTy /] } 2 2
X as(tq) exp[—S (g )]Qd(xl,xQ,xg,bl,bQ), (19) +Cy% (22 — 1) (30ms5 + 159K 0k — 3pK al¥)
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9
+Cl/2( x—l) (10773[()\3[(— 2pl_{a§)
—3773KCU3KCi/2(21’—1)

+ ‘;’(pf+pi<)(1—3a{<+6a§) Inz

3
5 (P% = p%) (14 307" + 6a3) m«} , (29
1 dgg ()
= 2
¢K 6 dz ’ ( 5)
o _ fK = 3 K K _K 15 K _K
0% (z) = 22N, 62T 1+2pJr +15p% ay o P01
15
+(3p§a{(— 2p )03/2(230—1)
1 3
(5773K_ 2773Kw3K+ 2P+a2 >C3/2( x—l)
+773K>\3KC§/2(2.®—1):|
+ 92z (pX + p¥) (1 - 3af +6af) Inz
+ 92z (p’ — p) (1+ 3af +6al) lnf} ,  (26)
with
,OK _ (ms +my,)? ,OK _ m; —mg,
+ m? ’ - m3
f3K My + Mg 1/2
N3k = ) Gy’ () =t,
f  mi '
1 1
G2 ()=, (3~ 1), G5 (1) =, (51° 1),
1
2@ o (33067 4+ 35¢%) C32(t) = 3t,
3 1
C2(t) = L (68— 1), c3? = 5 (35t°+31),

where af* =0.06+0.03, af =0.25+0.15, f3x = (0.45+
0.15) x 1072 GeV?, w3 = —1.24+0.7, \3x = 1.6 £0.4, fx =
0.16 GeV, mgs =137+27MeV, m, =5.6+1.6 MeV. It is
needed to indicate that  is the momentum fraction carried
by the s quark in the K~ meson. To convert the K~ dis-
tribution am?htude to that for the K™ meson, one has to
replace ¢K’ " (x) with (;SK P(1—z)and —¢L (1 —2).
Other 1nput parameters used in the text are given here:
B =5279GeV, mg = 0.494GeV, m.=1.4GeV [43];
mx (3s72) = 3.872 GeV [1]. For the CKM mixing parame-
ters, we take s1o = 0.2243, so3 = 0.0413, s13 = 0.0037 and
913 = 1.05 [43].

Using the above parameters, finally one obtains the
branching ratio of BT — X (3872)K™ (in the numerical
calculation, we take the central values listed in the data
book for the input parameters):

BR(B" — X(3872)K") =7.88 x 10~ *.

There are some theoretical uncertainties in our calcula-
tions, such as the choice of the factorizable scale, hard scale
and non-perturbative parameters in the hadronic wave-
functions. As suggested in [44], the decay rate is more de-
pendent on the choice of the hard scale. So we investigate
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the effect of the hard scale on BR(BT — X (3872)K ™) by
varying the hard scale as

max (0.75v/Aa, 0.75v/Ba, 1/b1,1/b3,1/|b1 +b3|) < ta

< max (1.25v/Aa,1.25V Ba,1/b1,1/bs,1/|by + bs])

max (0.75/Ap,0.75y/By, 1/b1,1/b3,1/|b1 +bg|) < t;,

< max (1.25y/Ay, 1.25v/ By, 1/b1,1/b3,1/|b1 +bg|) ,

max (0.75v/Ac, 0.75v/Be, 1/b1,1/b2,1/b3,1/|b1 —ba|) < tc
< max (1.25V/Ac, 1.25v/Be, 1/b1,1/b2,1/b3,1/|by —ba|)
max (0.75v/Ag, 0.75y/Bg, 1/b1,1/ba, 1/b3,1/|b1 — ba|) < t4
< max (1.25v/Ag,1.25v/Bg,1/b1,1/b3,1/b3,1/[by —by) .

Then we can obtain

BR(B' — X(3872)K 1) =7.8874587 x 1074,

4 Discussion and conclusion

Though the DO, CDF and BABAR Collaboration one after
the other confirmed the existence of X (3872) firstly ob-
served by BELLE, there still exists controversy on its
structure. The theoretical explanations mainly include
charmonium [6-8] and a molecular state [11-15]. For clar-
ifying this mess, one should study X (3872) in different
ways.

B non-leptonic decay is a perfect place to study the pro-
duction of charmonium. Thus we assume X (3872) to be a
regular 2 3P, charmonium state, and we obtain the branch-
ing ratio of BT — X (3872)K* in the pQCD approach.
Our calculation indicates that the order of magnitude of
Bt — X(3872)K * is 7.8815 87 x 1074, which is larger than
that given in [9]. Probably this difference can be induced
by the difference between the pQCD approach and the
model used in [9]. At present, the experimental results only
indicate BR(BT — X (3872) K1) < 3.2 x 10726, 27]. Ob-
viously our numerical result on Bt — X (3872)+ KT is
larger than the current upper bound set by BABAR within
the error bar. If both our calculation in the pQCD ap-
proach and the experimental results are reliable, a pure
charmonium assignment for X (3872) is not suitable.

Experiments gave the branching ratio of the decay
chains relevant to X (3872) [1-4]:

BR(B' — X (3872) K ")BR(X (3872) — J/ym T n™)
=(1.3£0.3) x 1075,

Using our numerical results of BT — X (3872) + K calcu-
lated by the pQCD approach assuming X (3872) as 23P
charmonium, we can obtain BR(X (3872) — J/ynTn~) =
(0.8-3)%. Very recently, BELLE reported a new decay
channel of X (3872) [5]:

BR(B" — X (3872) K ")BR(X (3872) — D°D°7°)
=(1.274+0.317933) x 107,

Then we obtain BR(X (3872) — D°D%7%) = (5-44)%.
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The above discussions on X (3872) are based on suppos-
ing X (3872) to be a pure charmonium state. Thus we urge
our experimental colleagues to measure these decay chan-
nels. It will help us to finally determine the constituents of
X (3872).

As a short summary, due to the absence of accurate
experimental information on B — X (3872)+ K and the
decays of X (3872), one cannot make a definite conclusion
about the structure of X (3872). A more decisive conclusion
should be made as more accurate data are accumulated by
future experiments such as BELLE, BABAR and future
LHCb.

Appendix : Some relevant functions
appearing in the text

The explicit expressions of KA(P, T)(a), KA(P, T)(b),

(c) (d)
KA(P, T?1?2)7L(t), KA(P, T)1(2),L(t) . ‘
contraction of hard kernel and hadronic wavefunctions are
given here:

which come from the

_4m§’(—1+7‘2)[— 1+w3(—1+r2)]

KA® = } , (A.1)
Kpl@) — _mimd (~147%)(~1+223) (A2)
T

KT® — _4m12>m5((1+7“2—2$3) ’ (A.3)
KA® = —4mg’w1r(—:+r2) , (A.4)
oty i (L1 0], s
KA&C)L :_16mz§mx(—1+7"j)2(—1+x1 +z2) ’ (A.6)
KA{) = 16mgmer(—1+17), (A7)
KPEC)L _ 16mpm{ mx [Tj(ﬂfl —a3) +as] 7 (A8)
KT,

_ 16m2Zm&mx [7"4(—1 +ay+ @) +az—r3(—1+ao +z3)]
o r(=1+7r2) ’
(A.9)
(c)
KAZL
B Smg’mx(—l—i—rz) [— 14+x1+2x2 —x3+r2(—1 +x9 +w3)}

’
r

(A.10)
KA&? = —8mpme(—1+r?)r, (A.11)
sm2mK 20, _
KBf) =~ 0 0 [rrm w) el (A.12)
(c)
KTZ,L
B Sm%,mé(mx [r4(—1 14 29) + 23— 12 (—1+22 +z3)]
N r(—1+7r2) ’
(A.13)
K'H‘écz = —16ml2,mé(mcr (A.14)
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(d) 16mng(—l+r2)[x1 —:ng—r2(x2—x3)—x3]
KA = - ) ,
(A.15)
KA = —16mfme(~1+r%)r, (A.16)
16m2miS 2z —x3)+
K]P)g:j% _ 16mymg mx [TT (z1—x3) + 3] ’ (A7)
(d) 16mgm(l){mx [7‘4($1 —xz2)+ 7‘2(.’132 —xz3)+ mg]
KTl,L = r(—1 +7‘2) ,
(A.18)
KT&‘? = —32mgm(l){mcr, (A.19)
3 _ N2/,
KAL) = Smpmx (=14 (@1 —a2). (A.20)
, r
KA = 8mime(—1+72)r, (A.21)
K
Kpgdz _ 8mgm0 mx [7*2 (x1—x3) +m3} 7 (A.22)
, r
K]I‘(d) B 8m§m{){mx [r4(w1 —x2) +r2(x2 —x3) +w3]
2,L — _ 2 ’
r(—=14r2)
(A.23)
b
KT® = KP{") = KT{°) = KP{’)
d d d
=KP{" =KP}) =KT{) =0. (A.24)

The explicit forms of (2;(z1, z2, 3, b1, b2, b3) (i = a—d)
which come from Fourier transformation to products of
propagators corresponding to the quark and the gluon are
listed as follows:

Qq(21,23,b1,b3) = Ko (v/Aa|b1 +bs|) Ko (v/Balb1)
(A.25)

2y (x1,23,b1,b3) = KO(\/Ab|bl +b3|)Ko(\/Bb|b1) ;
(A.26)

Qu(@1, 22, 23,b1,by) = {Ko(\/Ac|b2|)9(Ac)
+ 5[~ No(VAb2))
i (v Adlbal)6(—Ao)}
x Ko(v/Be|b1 —bal),
Qulwr, w3, w5, b1, b2) = { Ko (v/Aalba ) 0(As)
g[—No(Wldlbal)
+iJ0(\/Ad|b2|)]9(_-Ad)}
x Ko(y/Balbi —ba]), (A.28)

(A.27)

_|_

with

Ag = z3(1—7*)m?
Ay =21(1—r*)mi, By =z123(1—1%)m
A, = mz —(1—21—x2) [(1 —@)7‘2 +x3(1 —7“2)]m§ ,

B.=xz1z3(1 — rz)mg ,

By =z123(1 —r*)m?,
2
b

Ag= mz — (z2— 1) [1327"2 +a3(1 —TQ)]le, ,

By =z123(1—r*)m3.
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Here J;, N; are the ith order Bessel functions of the first
and second kind respectively, and K; denotes the i¢th order
modified Bessel functions.

The explicit expressions for the Sudakov factor coming
from the resummation of the double logarithm appearing
in high order radiative corrections to the diagrams are also
given below:

S(ta) = s(z1pf, b1) + s(wsp3 , bs) + s((1— z3)p3 , bs)

. 1 In - ln(ta/AQCD) hl(ta/AQCD):|
ﬂl ln(bl/lQCD) ln(b3AQCD)
(A.29)
S(ty) = s(mlpf, bl) + s(mg,pg, bg) + s((l —T3)ps , bg)
B 1 -ln — ln(tb//lQCD) — ln(tb//lQCD):|
,@1 L 1n(b1AQCD) hl(bgAQCD)
(A.30)
S(te) = s(atlpf, b1) + S(xgpg, b3) + s((l —z3)p3 , b3)
. 1 —ln - ln(tc//lQCD) - ln(tc//lQCD)
ﬂl L — ln(bl/lQCD) ln(bzAQCD)
— ln(tc/AQCD):|
1 , A.31
n ln(b3AQCD) ( )
S(tq) = s(w1pf, b1) + s(zaps , bs) +s((1—z3)p3 , bs)
. 1 |:1n - ln(td//lQCD) - ln(td/AQCD)
ﬂl — ln(blAQCD) hl(bg/lQCD)
— ln(td//lQCD)]
1 A.32
n ln(b3AQCD) ( )
where

to = max (v/Aq, v/Ba, 1/b1,1/b3,1/|b1 +bs]) ,

t = max (v/Ap, /By, 1/b1,1/b3,1/[b1+bs]) ,

te =max (v/Ae, v/Be,1/b1,1/b2,1/b3,1/|b1 — bol)
tq = max (v/Ag, v/Ba,1/b1,1/b2,1/b3,1/|b1 — b))

The explicit expressions for the Sudakov factors are given
in [45—-47] as

C2MEr3/24e),

s =" e -,
_[Qdp Q

swa- [0 [ln(p)A[as@)HB[as(pn},
A:CFO:

67 w2 10 8 eVE g\ 2
- = 1
+[9 3 7”f+3’8°n(2)](7r>’
2’yE—1
B:2asln e ’
3 2

Yolas(p)) = —as(p)/m,
33—2n
/60 = 2 ! y
where c is set as 0.4 in our work, and g is the Euler con-
stant. ny is the flavor number, and v, is the anomalous
dimension. We will take n; equal to 4 in our numerical
calculations.
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